We study the structure of spectrum of the Liouville operator H Ϫ ϭH IϪI H and the two-particle Hamiltonian H ϩ ϭH IϩI H in some model situations when the corresponding one-particle Hamiltonian H has singular continuous spectrum. A Hamiltonian H with singular continuous spectrum of Hausdorff dimension one is constructed such that the absolutely continuous spectrum of the operators H Ϫ and H ϩ is empty. On the other hand, we prove the existence of a Hamiltonian H with singular continuous spectrum of Hausdorff dimension zero such that the operators H Ϫ and H ϩ have nonempty absolutely continuous spectrum. Thus the Hausdorff dimension of the support cannot serve as characteristic of the singular measure of a one-body Hamiltonian that determines the spectral type of the corresponding Liouvillians or two-body Hamiltonians.
I. INTRODUCTION
In this paper we discuss the relation between the spectrum of a one-particle Hamiltonian H and the two-particle Hamiltonian H ϩ ϭH IϩI H and the Liouville operator H Ϫ ϭH IϪI H. For the Hamiltonians with empty singular continuous spectrum, the question has been solved in Ref. 1 Unfortunately, as has been mentioned in Ref. 2 , the paper in Ref. 1 contains an error that makes its assertions concerning the case sc (H) л wrong. Indeed, as it has been proven in Ref.
3, there exists a Hamiltonian H with purely singular continuous spectrum such that the operators H Ϯ have nonempty absolutely continuous spectrum.
In this paper we study the spectrum of H Ϯ in some model situations when H has purely singular continuous spectrum. Recently there has been developed a very fruitful approach to the investigation of operators with singular continuous spectrum using the concept of Hausdorff dimension ͑see Refs. 4 and 5͒. One of the goals of this paper is to show that in our case the question is of a more delicate nature and the Hausdorff dimension of the singular continuous spectrum of a one-particle Hamiltonian is not, in general, an appropriate tool to control the spectrum of the corresponding multiparticle Hamiltonians H Ϯ ͑see Theorems 2.1 and 4.1͒.
In Sec. II we present an example of a Hamiltonian H with ''very singular'' spectrum ͑singular continuous spectrum of dimension zero͒ such that the operators H Ϯ have nonempty absolutely continuous spectrum ͑see Theorem 2.1͒. In Sec. III we consider the Hamiltonian H with the Cantor spectrum and show that the operators H Ϯ have purely singular continuous spectrum ͑Theorems 3.1 and 3.2͒. In Sec. IV we construct a Hamiltonian H that has ''very smooth'' singular continuous spectrum ͑singular continuous spectrum of dimension one͒, but the operators H Ϯ have empty absolutely continuous spectrum ͑Theorem 4.1͒.
Throughout the paper we denote by E H the spectral measure of a self-adjoint operator H; by F-an arbitrary Borel subset of R; by ͉F͉ the Lebesgue measure of F and by F (x) the characteristic function of F. Any measure defined on an interval of R is supposed to be automatically extended by zero to the whole of R. By dim X we mean the Hausdorff dimension of the Borel set XʚR. 
II. ABSOLUTELY CONTINUOUS SPECTRUM OF H
with appropriate singular continuous measures ͑Ϯ͒ that we define later. By Lemma 2.2 we need to choose the measures ͑Ϯ͒ so that dim supp ͑Ϯ͒ ϭ0 and the measures Ϯ , defined by Let us take such measures 1,2 for the interval (a,b)ϭ͑0, 1 2 ͒ and denote by 1 the ''reflection'' of the measure 1 defined by 1 (F)ϭ 1 (͕ 1 2 Ϫx͉xF͖). For any measure let us denote by T a the ''shifted'' measure (T a )(F)ϭ(͕xϪa͉xF͖). Now we define the measures ͑Ϯ͒ by the relations
Calculating ϩ , we see that ϩ is absolutely continuous on ͑Ϫ
where
is absolutely continuous and supported on ͑Ϫ 
III. ONE-PARTICLE HAMILTONIANS WITH CANTOR-TYPE SPECTRUM
The result of the previous section may lead one to the suggestion that H Ϯ always have an absolutely continuous component. In this section we present examples demonstrating that this is not the case. Proof:
(1) Preliminaries By Lemma 2.2, we need to show that the corresponding measures Ϯ are singular continuous with dim supp Ϯ р3 ln 2/2 ln 3. Since the Cantor measure is symmetric with respect to the ''reflection'' x‫1ۋ‬Ϫx, the measures ϩ and Ϫ coincide up to a shift. So, we shall prove the above assertion only for ϩ . For convenience let us change variables and consider the measure on ͓0,1͔ defined by (F)ϭ ϩ (͕x/2͉xF͖). Below we shall define a set Bʚ͓0,1͔ such that dim B Ͻ3 ln 2/2 ln 3 and (B)ϭ1. Obviously, this will imply the desired assertion about ϩ .
(2) Definition of the set B For nN and multi-index jϭ( j 1 ,..., j n )͕0,1,2͖ n , let us define the intervals
One easily verifies that
where p(0)ϭ p(2)ϭ1, p͑1͒ϭ2. For kϭ0,1,...,n let us define the sets
Next, for real t[0,n] we take
Then we define the sets
such that A n (␣)പB n (␣)ϭл and A n (␣)ഫB n (␣)ϭ͓0,1͔. Note that for any ␣ and any n, B n (␣)ʚB nϩ1 (␣) and A n (␣)ʛA nϩ1 (␣). On the other hand, for fixed n and ␣Ͻ␤, B n (␣)ʚB n (␤) and A n (␣)ʛA n (␤). Next, we define the sets Finally, we take
with AപBϭл, AഫBϭ͓0,1͔.
Remark 1:
In fact, any of the sets B͑␣͒ for 1 2 Ͻ␣Ͻ 2 3 will already have the properties "B͑␣͒… ϭ1, ͉B͑␣͉͒ϭ0, but the set B is minimal among them and thus has minimal Hausdorff dimension.
Remark 2: The intuitive idea lying behind our definition of B is the following. One can consider a sequence of absolute continuous measures n , approximating the Cantor measure , built in a natural way. Then we obtain the corresponding sequence of absolute continuous measures n , approximating in the weak sense. Let f n (x) be the densities of n . Then the sets ͕x͉ f n (x)Ͼ1͖ are, roughly speaking, approximating B.
(3) Formulas for ͉S n (k)͉ and "S n (k)… Let us calculate the Lebesgue and measures of S n (k). We have
͑3.1͒
Similarly,
͑3.2͒ (4) Proof of (B)ϭ1
In fact, we shall prove that for any ␣͑ ϱ A n (␣), and "A͑␣͒… ϭlim n→ϱ "A n ͑␣͒…. So, it is sufficient to prove that for any ␣͑ 1 2 , 2 3 ͒ lim n→ϱ "A n ͑␣͒…ϭ0. Using the definition of A n ͑␣͒ and formula ͑3.2͒, we have
To estimate the last sum, we note that the summands form a monotone decreasing sequence ͑here we use the condition ␣Ͼ 1 2 ͒. So,
͑3.3͒
Using the asymptotic expansion for n!, one easily obtains the estimate for ( k ͓␣k͔ )(1Ϫ␣)k: 
where ␥ is a positive constant depending on d and a. Then for large enough k the desired covering of B͑␣͒ will be given by ഫ nϭ1
for large enough k. Now, for ͕O i (n,k)͖ let us take the set of all intervals ⌬ j (nϩk) , constituting P nϩk "␣(nϩk)… ͓see the definition of P n (k) and S n (k)͔. Using ͑3.1͒ and ͑3.4͒ as above, we obtain
and for dϾd(␣) the last expression can be estimated by C 1 e Ϫ␥(nϩk) with 0Ͻ␥Ͻd ln 3Ϫ͑␣͒ Ϫ␣ ln 2.
ᮀ Below we present a direct generalization of Theorem 3.1 for the case of Cantor-type measures. Let us fix p͕2,3,4 ,...͖ and define the Cantor-type set C (p) and the Cantor-type measure (p) on ͑0,1͒ in a following way. For nN and multi-index jϭ( j 1 ,. .., j n )͕1,...,p͖ n , take
and define the sequence of absolutely continuous measures,
One can check that the n (p) converge weak * to a singular continuous measure 
The proof of Theorem 3.2 requires rather cumbersome calculations, but it is based on the same ideas as the proof of Theorem 3.1 and so we omit it. Since dim C (p) →1 as p→ϱ, Theorem 3.2 implies the following result.
Theorem 3.3: For any dϽ1 there exists a Hamiltonian H with singular continuous spectrum such that dim supp E H уd and the spectrum of the operators H Ϯ defined by (2.3) is purely singular continuous.
The next section is devoted to the proof of a more precise result.
IV. OPERATORS H ؎ WITH PURELY SINGULAR CONTINUOUS SPECTRUM
Here we prove the result that shows that the absolutely continuous spectrum of H Ϯ can be empty even for H's with a ''very smooth'' singular continuous spectrum. Proof:
(1) Preliminaries. We shall define H by ͑2.1͒ with an appropriate measure on (a,b)ϭ͑0,1͒ so that dim supp ϭ1. By Lemma 2.1, it is sufficient to prove that the measures Ϯ , defined by ͑2.2͒, are purely singular continuous. We shall construct so that it will be symmetric with respect to the ''reflection'' x‫1ۋ‬Ϫx: (F)ϭ(͕1Ϫx͉xF͖), and so it is sufficient to consider only ϩ , since in this case ϩ and Ϫ coincide up to a shift.
(2) The construction of the sequence of measures n . For any nN and multi-index jϭ( j 1 ,..., j n ), j k ͕1,...,k͖, we are going to define an interval ⌬ j (n) as follows. Let us fix some q͑0,1͒, and denote a n ϭq nϪ1 "͑2nϪ1͒!!…
; a n will be the length of the interval ⌬ j (n) . Now we define recursively:
In other words, we subdivide each
into ͑2nϪ1͒ equal subintervals, take all of them that have odd numbers, and then contract them with the coefficient q. Next, we take C n ϭ ഫ j ⌬ j (n) and define the sequence of absolutely continuous measures,
Note that ͑we shall need it later on͒ for all n and j,
and for all mуn, 
Proof:
Now let us show that the n converge weak * to some measure . It is sufficient to prove that for any f C 
and so ͐f (x)d n is Cauchy. Note that ͑4.1͒ and ͑4.3͒ imply that for all n, j,
(4) is continuous. Let us take arbitrary point c͑0,1͒ and prove that (͕c͖)ϭ0. For any nN either c C n ͓then (͕c͖)ϭ0 and we are done͔ or c ⌬ j (n) for some multi-index j, and then (͕c͖) р (⌬ j (n) ) ϭ (n!) Ϫ1 ϭ o(1) as n→ϱ, and so again (͕c͖)ϭ0. (5) supp ϭCϵപ n C n . By ͑4.2͒, for all mуn m (C n )ϭ1 and so (C n )ϭ1 and (C)ϭ1, and thus the inclusion supp ʚC is obvious. Let us prove that supp ϭC. Suppose there exists a closed set C , C ʚC, C C, such that (C‫گ‬C)ϭ0. Let C Јϭ[0,1]‫گ‬C. Write C‫گ‬C ϭ(പ n C n )പC Јϭപ n (C n പC Ј). Since C C and C Ј is open, we get that there exists an interval (a,b)ʚ͓0,1͔ such that (a,b)പC n л for any n and (a,b)ϭ0. But for large enough n we have ⌬ j (n) ʚ(a,b) for some j, and so by ͑4.4͒, (a,b)у(n!) Ϫ1 , which gives the desired contradiction.
(6) dim Cϭ1. Let us take ⑀ n ϭa n (1Ϫq)/2 and calculate the measure of the ⑀ n neighborhood of C: ͉U ⑀ n ͑ C ͉͒ϭn!a n /q. Since ⑀ n 1Ϫdim C ϳ͉ U ⑀ n (C)͉, a simple calculation shows that dim Cϭ1.
(7) ϩ is singular continuous. We need to prove that ͉supp ϩ ͉ϭ0. For any nN denote by n (ϩ) the measure given by ͑2.2͒ with ϭ n . We have supp ϩ ʚsupp n , and thus ͉supp ϩ ͉р͉supp n ͉ϭ͑2nϪ1 ͒!!a n ϭq nϪ1 →0, n→0.
ACKNOWLEDGMENTS
The author is grateful to the authors of the preprints 2,3 for supplying materials not published yet and to Professor B. S. Pavlov and Professor Yu. Kuperin for encouraging discussions. The author is grateful to the Commission of the European Community for the financial support in the framework of the EC-Russia collaboration Contract No. ESPRIT P9282 ACTCS.
